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We implement the Bernstein-Vazirani algorithm on a 15-bit register encodihgl@ments using optics. The
algorithm provides a polynomial speed up for oracle queries. The apparatus is physically efficient in that its
size (i.e., space-time volumescales linearly with the siz@.e., number of digitsof the register. We demon-
strate also that the algorithm may be performed not only without entanglement, but also with a computational
basis that does not consist of orthogonal states, and that this coding is the source of the efficiency of the
algorithm.
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Quantum computers can execute certain important coment superpositions of register states are realized by inter-
putational tasks with dramatically fewer resources than commodal interference, and consequently the readout
puters designed according to the laws of classical physics. Iprobabilities are independent of the statistical properties of
all cases, the key element missing from the classical mathe injected light. A four-element database search was per-
chines is interference. For most algorithms, the speeduformed using phase-shifting optical elements by Kveiaal.
available from a quantum computer requires interference be-5]. More recently, Battacharyet al. described a version of
tween correlated states of several particles, or entanglemerihe Grover algorithn}6,7] with a database of more than 10
This feature of quantum computers is both the most enigelements[8]. Another variation has been demonstrated by
matic and the most difficult to achieve in practice. Ahn et al. using atomg9]. In that experiment, phase infor-

Entanglement allows the physical size of the computer tanation was encoded in the complex amplitudes of electronic
scale logarithmically with the number of orthogonal logical Rydberg states and a readout pulse was used to convert this
states accessible to the register. Usually these are mapptipopulations of the states, allowing the “marked” element
onto orthogonal space-time modes and the computer is redd be determined. Because it uses single-particle interference
out by measuring whether a particle occupies a particulagnd unary coding, this procedure is no more efficient than a
mode or not. Thus a register &f modes, each containing a classical search implemented using optical wa\i&¥. The
single particle in one oM possible states, can access a Hil-absence of entanglement in all of these experiments appears
bert space of dimensiol". Readout of the register, how- to confirm the Jozsa-Ekert hypothesis concerning scaling
ever, requires onl\M X N detectors, and the volume of the problems of quantum computers based entirely on interfer-
processor itsel{iwhich implements the unitary transforma- ence. It was recently pointed out by Meydrl], however,
tions of the register that represent the algorithm ijssthles that at least one quantum algorithm uses interference solely
in the same way. without entanglement at any stage. The circuit is, by the

This ability to access a very large direct product Hilbertstandard measures, efficient, even with this restriction.
space has led a number of authors to claim that information- It is therefore worthwhile to consider how to implement
processing schemes based on single-particle interferené&ich a circuit, and especially whether there exists a classical
alone can never be as efficient as those based on multipatave-based version that demonstrates the same scaling. In
ticle interferencg1,2]. According to the standard model of this paper, we demonstrate such an implementation, and
quantum computation, each physical basis state of the systeghow that extending the notion of classical computation to
represents one logical state. Therefore,Mi dimensional include classical fields, as opposed to particles, introduces
Hilbert space for a single particle requir&™ orthogonal the interference that provides the speedup shown by this al-
space-time modes for the processor, even though the readddfrithm.
of a system coded in this fashion still requires oMyx N The Bernstein-Vazirani quantum parity algoritfiir2—14
separate detectors in Mhary tree. Because of the scaling of Uses an oracle to determine whether the parity of an input bit
the processor volume with input size, this form of coding canstring is the same as that of a string encoded in the oracle.
never be efficient. Meyer[11] has shown how to use this to execute a search of

Optics provides a straightforward means to simulated database by setting a flag on an ancilla qubit if the target
quantum logical operations using interfereng®4], by  element of the database is relatively “close” to the element
means of a coding in which the states of the register correencoded in the register. Thus»fis an N-bit binary string,

spond to different modes of the electromagnetic field. Coherand b a binary digit, then the Bernstein-Vazirani quantum
parity algorithm is defined by the transformation
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where @ indicates addition modulo 2 and the parentheses
around the scalar product indicate the parity of the product FIG. 2. Circuit of the Bernstein-Vazirani algorithm witl+ 1
(i.e., whether the number of 1's is even or 0dll measure- two-state particles.
ment of the ancilla that gives the result 1 indicates that when
the register state and the oracle state are multiplied bitwisggins only uncorrelated particles. Moreover, from the point of
the number of 1's in the resulting string is even. The circuityiew of a search, there is no need to actually implement the
that executes this algorithm is shown in Fig. 1. At first sight, controllednoT, since the state of the register after the oracle
it would appear that this algorithm relies on entanglementis exactly the state encoded in the oracle. This simplifies
since it is clear that the controlledsT operation can cer-  considerably the experimental apparatus, though in an impor-
tainly entangle the register and ancilla. For certain inpugant sense it means that the algorithm no longer has a clas-
states, however, the entanglement disappears. sical analog: the oracle cannot be queried classically in a way

When the circuit operates on the input stateiyai would reveal its internal state M attempts 15].
101,02,...,Q4)|0)s, the first set of Hadamard gates transform  The circuit in Fig. 2 executes the Bernstein-Vazirani algo-
this to rithm usingN + 1 two-state particles. The qubits are encoded
using dual-rail logic. Each undergoes a Hadamard transfor-

FIG. 1. Circuit implementing the Bernstein-Vazirani algorithm.
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mation. The logical 1 rail passes through the oracle, and the
logical O state of each qubit bypasses the oracle. The oracle
may or may not shift the phase of the logical 1 rail of each
qubit depending on the bit string representing the marked
element. Following a second Hadamard transformation, the
register and ancilla are read out. The circuit therefore re-
quires only 2N+ 1) space-time modes aridi+1 detectors

in order to search a database with 8lements. Thus it is
efficient even though it does not make use of entanglement at

upon which the final Hadamard gate converts the phase inyny point[16]. Moreover, because no entanglement is in-
formation to an amplitude that can be read easily by gj,ced by the algorithm, the resources do not increase if each
particle-counting detector. This state can be written in they e register elements does not contain exactly one qubit.

form

=011 ﬁio+—1a'1 4
|'//>—‘/2(| )b |>b)i:1‘/§(| yit(—DH[1)), (@)

Thus the algorithm can be executed with either mixed states
of undetermined numbers of qubits per mode or even coher-
ent superpositions of qubit number states.

The circuit illustrated in Fig. 2 can be translated to the
optical arrangement shown in Fig. 3. In this apparatus, we

which illustrates the lack of entanglement. Moreover, the bitused the two modes labeled by the wave vector and fre-
string encoded in the oracle appears as a phase shift of eagbency §; ,») as representing a logical 1 and 0. The distinct

of the qubits independently.

The algorithm has a classical analog that can be used to
search for the oracle state. Since the oracle function is an
N-bit controlled NOT, then encoding the register with the

N-bit strings(o,...,0,0,}, (0,...,0,1,9, (0,...,1,0,0, etc. in se-

guence will give a series of ancilla bits that reveal exactly the

oracle state. This classical approach requiegieries of the
oracle, with N particles (representingN bits) per query.

Oracle

Beam-
splitter

Meyer has shown how the quantum version can be used to
perform a “sophisticated search” that yields the state of the
oracle in a single query, usiny particles encoding qubits.
Thus there is a polynomial improvement in identifying the
state of the oracle as compared to the classical search.

The complete absence of entanglement suggests the cir-
cuit can be implemented with a register and ancilla that con-
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FIG. 3. Optical implementation of the circuit.
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optical frequencies of a spectrally broadband optical pulse a5 01111001010011
constitute distinct qubits, when each mode is occupied by a CEpT T TTToTmImm T T T

N

single photon. In our experiment, the light source was a
1-kHz repetition-rate chirped-pulse-amplified laser system 25

delivering 50-fs duration pulses at a wavelength near 800 -g 2

nm. Each mode of the pulse was therefore in a coherent state, f; 15

with mean photon number greater than unity. § 1t
The pulses were incident on a broadband beamsplitter, & o5t

which performed a Hadamard transformation on each pair of 0

modes. For each frequency, one of the output modes, labeled,
say, s, was directed to a zero-dispersion line with 1200
grooves per mm gratings and 50-cm focal length lenses. The
combination of the first grating and lens created a Fourier FIG. 4. Experimental result of a single run of the apparatus.
plane, on which the spectral components of the pulse were
spatially dispersed17]. The other set of output modes, la- Where a; is the jth bit of the marked element, so that
beledd, bypassed this arrangement. ¢(w;)=ma;, and 7 is the temporal delay between the two
The oracle in this setup added a phase shift to a particulapaths.
spectral component via a spatial light modulator located at Only the mean particle number contributes if the initial
the Fourier plane, in the same way as in an ultrafast pulsétate is a coherent state in either set of modes and a vacuum
shaper[18]. In our case, the device that modifies the phased1 the other set, and this is the case most relevant to the
was an acousto-optic modulatdi9]. A user-controlled classical fields used in our experiments. In both cases, infor-
acoustic waveform in a Te{rrystal induced both amplitude mation encoded in the oracle is revealed as modulations on
and phase modulations on the input optical waveform. Théhe measured set of photocoufs.
radiation diffracted from the acoustic wave is then sent to a A typical result of a single run of the apparatus is shown
symmetric lens and grating setup in order to recombine thé& Fig. 4. The encoded bits are labelexitas or 1 sacross the
spatially dispersed frequencies of the pulse. top of the figure, with the phase encoding of the oracle
The action of the apparatus on the input state of the qubitshown as the dashed line. The readout phases for each spec-
follows the analysis of the circuit in Fig. 2. However, we tral element are shown as a solid line. Since the encoding is
now show that classical fields can be used to implement théigital, the noise in the phase readout does not lead to any
algorithm just as efficiently as unentangled quantum parambiguity in identifying the marked element of the database.
ticles. To see this, it is instructive to consider its operation in  The physical resources required to implement this search
terms of the field operators for each input mdélg,- (). scale efficiently with register size. The number of modes

The fields after the first Hadamard transformation are theﬁ?qtu"_edtkt‘o implt?mesn_t thetﬁearch iN%tt\)Nice ttI:]e numlper of
B ()= Erg () £ B (). In this case, the output field slots in the oracle. Since these must be orthogonal in space-

’ Ay time, then a certain minimum volume of space, roughly
operators are related to those of the input field&a’ (@) 23, is required, andN detectors are needed. The number
=E(w)exfid(w)+i¥w)], where the output phase is the of records that can be encoded in the database and uniquely
sum of a static phasg(w), which is independent of the state decoded in a single run of the apparatus is 2

of the modulator, and the oracle-imposed phége). The The number of particles per mode needed depends only
shaped modes are mixed at a second beamsplitter with than the noise floor of the detectors. If these are themselves
unmodified modes. This performs a final Hadamard transforquantum-limited, then at leastlog, N photons are required
mation, yielding the field operatorS.q ;- (w)=E-g-(w)  PEr query. _ _

iIAE“d,u(w). This transformation converts the phase informa- Any information processor based solely on interference

tion imparted by the oracle to an amplitude suitable for deLfan be implemented using multiple copies of a single particle

tection via particle counting [21]. Consider a quantum particle withN2 states. These
In our experiment, readout of the marked elements wastates can be grouped in pairs, each pair representing one bit

performed using spectral interferometfg0]. The output of a binary coded string. Thus the particle can encode a

field is sent to a spectrometer, at the exit port of which is anSir_1gle N-bit string as a superpositiqn of of th_e AN states. .
N-element detector array. The probability that it ele- With these states as the computational basis, the above cir-

ment of the detector array registers a photocoun®js CL."t will perform in an identipal fgshiqn. Clearly_, the readout
() () 2 (+) . . will reveal just one bit of thidN-bit string. Running the cir-
=(EM")(0,)EF)(w))), whereE(")(w)) is the field operator

177 J cuit with Nlog, N uncorrelated Ri-state particles simulta-
at the detector. This is the sum of field operators of the twcheously means the entire bit string can be read with very

modes representing the different logical states of a single bihigh probability. Therefore, it is possible to use single-

particle interference to implement the Bernstein-Vazirani al-
gorithm with no increased overhead of the number of par-

05 E e e
Spectral element

E(w) =Elg ) (w)) (1™ 1oy ticles as compared to the qubit implementation. Note also
5 (1) Ao that this is also more efficient than the classical particle
B (0 (1™, (5 implementation. The computational basis in this case clearly

010302-3



RAPID COMMUNICATIONS

LONDERO et al. PHYSICAL REVIEW A 69, 010302ZR) (2004

consists of nonorthogonal states. Readout, however, only rdéiere. The conclusions of that paper are essentially the same
quires discrimination between the diagonal elements of thas those of this paper.
density matripes representing the different bit S"if‘gs- .. We are grateful for enlightening conversations with J. H.
In conclusion, we have shown that the Bernstem-Vazwan\Eb NI A ] P L Knight C. R. S d 7 d K
guantum parity algorithm can be implemented efficiently us- erly, J. A. Jones, P. L. Knight, C. R. Stroud, Jr., and K.
ing classical fields. The reason for this, as pointed out b)WOdk'eW'CZ' This yvork was §upported by the Cente.r for
Meyer, is that the register remains unentangled throughotfguantum Information, which is funded by ARO adminis-
the computation. This means that the speed up has no inhdfred MURI Grant No. DAAG-19-99-1-0125. S.W. acknowl-
ently quantum character. It remains an open questiodges the support of the Studienstiftung des Deutschen
whether the coding scheme on which this algorithm is based0lkes. When the experimental component of this work was
can be extended to other circuits, and thus enable new wayerformed, the authors were with The Institute of Optics,
in which single-particle interference can be used to improveJniversity of Rochester, Rochester, N€.D., M.A., K.B.,
the computational power of information processors. I.A.W.) and The Department of Physics and Astronomy and
Note added in proofRecently, a similar work was pub- the Rochester Theory Center, University of Rochester, Roch-
lished[25], using temporal rather than spectral encoding, agster, NY(S.W., K.B).
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